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This note supplements results on odd primes in the previous paper [3] 
by proving the following result: 
THEOREM. If H is a jnite Moufang 2-loop, then H is centrally nilpotent. 
Here we call a Moufang loop a 2-100~ if each of its elements has order a 
power of 2. According to Theorem V.1.2, p. 92 of [2], a Moufang loop of 
2-power order is a 2-100~; the converse follows from our theorem, since the 
central factors of a finite, centrally nilpotent 2-100~ are 2-groups. 
Our notation is that of [2] and [3] unless otherwise noted. In particular, 
WO Z(H), and C(H) are the nucleus, the center, and the Moufang center 
of H; m(H) is its multiplication group, and 3(H) is its inner mapping group. 
If A is a subloop of B we write A < B; we write A < B if, in addition, 
A # B. Similarly, A a B or A 4 B means that A is normal in B as well. 
Proof. Suppose the statement is false. In the following let H be a minimal 
counterexample. It is clear that Z(H) = 1. The next lemma shows that in 
fact C(H) = 1. 
LEMMA 1. Let G be a Moufang loop, and let x E C(G). If x2 = 1, then 
x E Z(G). 
Proof. For y and x in G we have 
(xy) 2 = kY~ (x=4 = Kv4 4 x = (Y4 x = NY4 
Hence, x E N(G) n C(G) = Z(G). [we wish to thank Professor R. H. Bruck 
for this elementary proof.] 
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Our next aim is to show that His simple. The intersection of the members 
of the lower central series of H is a normal subloop of H which we will call A. 
Suppose 1 < K 4 H. Since H/K is nilpotent, A 4 K, and since K is nil- 
potent, 1 < Z(K). By Proposition 6 of [6], 1 < T(K) 4 H, where 
T(K) = (X E Z(K) 1 x2 = l}. Now since K is nilpotent and 1 < A a K, 
a standard argument shows that A n Z(K) f 1, so 1 < A n T(K) Q H. 
Hence, A < T(K) < Z(K) w h enever 1 < K Q H. In particular, if A < H, 
then A is a group of exponent 2. 
Let c be an element of H which does not commute with all members of A. 
Suppose (A, c) < M for some maximal subloop M of H. Then, since H/A 
is nilpotent, M 4 H; consequently, A < Z(M), a contradiction. Thus 
(A, c) = H. If A < H, then (A, c”) is a maximal subloop of H. By this 
last argument (c2, a) = 1 for all a in A. It follows that for any integer i, 
(&, c2) = (a, c2) = 1; thus c2 E C(H) = 1. Now (c, u) f 1 for some a in A, 
so (UC, a) # 1. By applying the argument above to UC, we obtain 
1 = (uc)~ = &c-~uc, since u2 = c2 = 1. This contradiction means that 
A = H; hence H is simple. 
We now look at groups of permutations of H. According to Eqs. (2.6) and 
(2.11) ([2], pp. 112 and 113), the inverse mapping of H, J : x -+ x-l, normal- 
izes 9X(H) and centralizes 3(H). Let G be the group of permutations of H 
generated by 9X(H) and J. Then every member of G is of the form g = tlP(x) 
or g = JtR(x), f or suitable elements t in 3(H) and x in H. In either event, 
g = uR(x) for some u centralized by J, so 
(J, g) = (J, uR(x)) = J-lR(x)-’ u-1 J&?(x) = JR(x)-’ JR(x) 
= L(x) R(x) = P(x). 
Note that P(X) has order a power of 2 since H is a Moufang 2-100~. The 
following lemma of Suzuki allows us to capitalize on this situation. 
LEMMA 2. Let G be a finite group containing un involution x such that 
(g, x) has order a power of 2 for each g in G. Then x belongs to a normal 2-sub- 
group of G. 
Proof. The hypothesis implies that for each g in G there is a 2-power, 
m, such that x2 = (x, g)” = [x(x, g)12 = 1. Hence, (x, (x, g)} is a dihedral 
2-group for each g. Consequently, for each g some extended commutator 
(g, x,..., x) is trivial, i.e., x is a “left Engel element.” By a theorem of R. Baer 
(Satz L, p. 257 of [I]), the set of all such elements is a nilpotent normal sub- 
group of G. Lemma 2 follows. 
In view of this lemma, J is contained in a normal 2-subgroup M of G, 
and M contains P(x) for each x in H. Since H is simple, N(H) = 1. By 
Remark 2 and Theorem 6 of [3], 1132(H) has an automorphism p of order 3 
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such that P(x)” = L(x)-l. If M,, = M n !lJI(H), then M,, and Msp are normal 
2-subgroups of ‘D(H) whose product contains P(x) and L(x) for each x in H. 
Hence, %X(H) = AZ,, - Mop, so m(H) is a finite 2-group. But then by Lemma 
VI 2.2, p. 98 of [2], H is centrally nilpotent. This contradiction proves the 
theorem. 
By combining this theorem with results of the previous paper [3], we obtain 
the following corollaries. 
COROLLARY 1. Let H be a jkite Moufang loop. The following conditions 
are equivalent : 
(a) H is centrally nilpotent; 
(b) for eve-ry prime p, the elements of order a (nonnegative) power of p form 
a subloop of H; 
(c) H is a direct product of p-loops for some primes p. 
Proof. We may use the above theorem and repeat the proof of Theorem 5 
of [3]. 
COROLLARY 2. Let H be a finite Moufang loop in which every proper subloop 
is centrally nilpotent. Then either: 
(a) H is centrally nilpotent, or 
(b) H is a solvable group. 
Proof. If H is a group, then it is solvable (see [4] or [.5j, Theorem 6.5.7, 
page 148). Assume that H is not a group. Let p be a prime. Suppose that 
x, y E H and that the orders of x and y are (nonnegative) powers of p. Since 
<x, y> is a group, <x, y> < H. Hence <x, y> is centrally nilpotent and is 
therefore a p-group. So the orders of x-l and xy are powers of p. By the 
previous corollary, H is centrally nilpotent. 
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